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Abstract 

Higher-order solitons, as well as simple A-soliton solutions, of the 
Gerdjikov-Ivanov equation are derived by the dressing method based on 
the technique of regularization. By the dressing transformation for the 
eigenfunction associated with a seed solution, the regularity conditions of 
the dressed eigenfunctions are found to establish the relationship between 
the potential and the scattering data. 
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1 Introduction 

The Gerdjikov-Ivanov (GI) equation jl|, given as 

iqt{x, t) + qxx{x, t) - iq^{x, t)qx{x, t) + ^q^{x, t)f{x, t) = 0, (1.1) 

*Email: jyzhu@zzu.edu.cn 


1 



is a generalization of the derivative nonlinear Schrodinger equation [2441) which 
has important applications in the helds of mathematics and physics. Here q = 
q{x,t), qt = dq/dt, q^x = d‘^q/dx^, and q denotes the complex conjugation of 
q. It is also noted that the GI equation can be regarded as an extension of the 
nonlinear Schrodinger equation (NLS). Various approaches have been proposed 
to construct the solitons of the GI equation such as the Hirota bilinear method 

ures 


12| . The higher-order rogue 


Darboux transformation and Hamiltonian struc ^ 
algebro-geometric solutions j^, 1^, and others jll|, 
wave solutions of the GI equation have been obtained by virtue of the generalized 
Darboux transformation j7|. 

From the theoretical basis of the inverse scattering transform method, it is 
known that the soliton solutions of an integrable equation are determined by the 
poles of the associated reflection coefficient. Several distinct simple poles produc¬ 
ing multisoltion solutions can be coalesced to obtain a multiple-pole solution, if 


such coalescing is a regular limit 13|, [l^. We note that these poles are also the 


poles of the soliton dressing matrix, which is a rational matrix function, and that 
distinct simple poles of the dressing matrix yield multiple poles by the coalescing 
procedure. Thus, this limit is singular. We reiterate that a higher-order pole in 
the soliton dressing matrix can not be obtained in a regular way by coalescing 
simple poles in the generic mulisoliton mantrx. In this sense, it is interesting to 
study the higher-order solitons. While information regarding higher-order solitons 
can be found elsewhere 
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ITj , these results, in contrast to those of multisoliton 


solutions, are scarce. In this paper, we intend to derive the higher-order soliton 
solutions of the GI equation by means of the dressing method 18|. The simple 
V-soliton solutions of the GI equation are also obtained. 

In the application of the dressing method, we present two cases of the dressing 
factor with simple poles and two-order poles, respectively. By the dressing trans¬ 
formation for the eigenfunction associated with a seed solution, the regularity 
conditions regarding the dressed eigenfunctions are obtained, and the relation¬ 
ship between the potential and the scattering data is then established. In this 
way, the simple iV-soliton and the higher-order soliton solutions of the GI equa¬ 
tion are obtained. 
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2 Lax representation 


The GI equation fll.ip admits the following Lax representation 

tfjx + = U{x, t, k)il), 

ifjt + 2ik'^as'ijj = V{x, t, k)'ip. 

Here fc is a spectral parameter, and the following definitions are applied: 


( 2 . 1 ) 


U = kQ- -Q^as, Q = 


0 q{x,t) 
-q{x,t) 0 


0-3 = 


1 0 
0 -1 


( 2 . 2 ) 


V = 2FQ - ik Q as - ikQ^as + -{QxQ - QQx) + tQ Vs. 


2 -V -V.^/ ^ 

We assume that g is a smooth potential with sufficient decay as |x| —)■ oo, and 
that the eigenfunction -0 satisfies the following symmetry conditions: 

a3'ijj{x,t,—k)a3 ='ijj{x,t, k), ijj~^(x,t, k) = 'ijj\x,t,k), (2.3) 


where the bar denotes complex conjugation. We next introduce the transforma¬ 
tion: 

ip{x,t,k) ='^{x,t,k)e~^^'^^, 9 ■= k‘^x-\-2kH, (2.4) 

such that T satishes the following linear system: 


Ta, -h ik‘^[as, d'] = U{x,t, /c)T, 
<^t + 2ik^[asM =V{x,t,k)^!. 


We consider the dost solutions of the spectral equation in fl2.5p obeying 
the asymptotic conditions —)■ / as a; —)■ ±cxd. Here / denotes the identity 

matrix. Note that the first column vector denoted by [T_]i of the matrix 4/_ and 
the second column vector [T +]2 of T+ are analytic in the region Imfc^ > 0, and 
[T+ji and [T _]2 are analytic in \mk^ < 0. Now, we define a matrix solution -0 of 
(12.1 p by these column vectors as 


■^(x, f, k) 


([\h_]i, [T+]2)e Imfc^ > 0, 

([T+]i, [T_]2)e-*^'^L Imfc2<0. 


( 2 . 6 ) 


It is readily verifiable that the sectionally analytic function ip admits the sym¬ 
metries (12.3p . We note that the eigenfunction pj defined by (12. 6 p is singular for 
k = oo and has a jump across the contour M U zM. 
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3 Analysis of the eigenfunctions 


We consider a seed solution of the GI equation fll.ip and the corresponding 
eigenfunction 'ipQ obeying the symmetries fl2.3p . In this case, the dressed eigen¬ 
function "0 can be constructed in the following form [iS]: 


Ip = Gipo, 

where the dressing factor G is given as 


(3.1) 


N r 


G(x,t,k) = I+ Y, 


i=i 


Aj{x,t) a 3 Aj{x,t)a 3 


k — kj 


k + kj 


1 = 1 - 


k — ki 


k + kj 


(3,2) 


(3.3) 


We note that fl3.2l) is obtained by virtue of the symmetry conditions 

azG{x, t, —k)as = G{x, t, k), G~^{x, t, k) = G\x, t, k), 

in terms of (12.3p and (13.ip . One can see that {kj,kj}i C C is a collection of 
simple poles, and that Aj and —a^Ajas are the corresponding residues. It is 
apparent that G and G~^ are analytic at fc = oo. 

Differentiation of fl3.ip with respect to x and t implies that 

'P’x'P’ ^ = GxG ^ + GpjQ^xP^Q ^G 
-ipip) ^ = GtG ^ -\- G'lpo^t'P’Q ^G 

Note that 

'ipo,x'ip~^ = -ik'^as + Uq, 'ipo,t'ip~^ = + W, 

where Uq and Vq are dehned by fl2.2p with the seed solution qq or Qq. It is worth¬ 
while to mention that Wsolitonic solution of the focusing nonlinear Schrodinger 
equation with nonvanishing boundary conditions has been derived in Ref. 19[ |. 

It follows from equations fl3.4|) and fl3.5p that 'ipx'ip~^ and ipt'>P~^ are singular 
at the points k = oo and {kj, kj}i ■ To investigate the singularity at k = oo, we 
consider the asymptotic behavior of G and G~^ as /c —)■ oo, and let 

G = I + + 0(fc-^), 

G-i = J + + k-^G^^^ + k-^G^^^ + 0{k-*), 


(3.4) 


(3.5) 


(3.6) 
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where 0{k is of order k ^ as /c —)■ oo, and 

N 

Gi = '^{Aj - asAjas), 
i=i 

N 

G2 = f^j{Aj + cTsAjas), 

U ( 3 - 7 ) 

N 

6*3 = ^ k]{Aj - a^Ajas), 
i=i 


and 

G'(i) = -Gi, = -G 2 - GiG(^\ 

(3.8) 

G(3) = -Gg - GsG^^) - GiG(2). 

It is noted from fl3.7l) that the matrices G 2 i-i and G 2 i,{l = 1,2, •••) are off- 
diagonal and diagonal, respectively. 

Snbstitution of fl3.6p and fl3.5p into fl3.4p implies the following asymptotic 
behaviors as /c —)■ 00 : 


i^xi^ ^ = -ik'^CTs + Qk - ^Q^o-3 + 0{k ^), Q = Qq + 2ia3Gi, 
= —2ik^a3 + 2k^Q — ik^Q'^a^ + q(o) _|_ 0{k~^), 


in view of fl3.8p . where QA and are some certain fnnctions to be determined. 
Hence, the representations 


'03,-0 ^ + ifcVg -Qk + 

0t0“^ -1- 2ik*a3 — 2k^Q + ik'^Q^a^ — QAk — QA ^ 


are analytic near k = 00 . In other words, these representations are analytic on 
the entire Riemann fc-sphere except possibly at points in the set {±kj,±kj}i . 
However, these singularities can be eliminated by the proper selection of some 
Aj in fl3.7p and QA^qW, We now assume that such a selection has been made, 
which means that the functions in fl3.10p are analytic on the entire Riemann k- 
sphere. In this case, because the representations in fl3.10p tend to zero as k ^ 00 , 


5 











it follows from Liouville’s theorem that they both vanish identically. Thus, we 
have the following pair of equations: 

+ ik‘^(Tz -Qk + = 0, 

(3.11) 

+ 2ik^a^ — 2k^Q + ik'^Q'^a^ — Q^^'^k — Q® = 0. 

It must be mentioned that, while the functions and are properly se¬ 
lected, their identity remains unknown. To identify these functions, we retain the 
assumption that Aj in fl3.7p are chosen properly. In this case, the expansions in 
113.911 remain valid, but the term 0{k~^) is zero, which implies that = —iQxO '3 
and = {QxQ - QQx)/2 + i{Q^/4:)a3. Hence, we have the Lax representation 
fl2.ip . In addition, from fl3.9p and fl3.7p . we obtain the solution of the GI equation: 

N 

q = qo + 4i'^{Aj)i2. (3.12) 


4 The dressing transformation 

In this section, we determine Aj in fl3.7p ensuring that the functions cind 

are regular at the points To this end, we consider the fol- 

lowin g se ries of N consecutive dressing transformations, each of which adds two 
poles jl8| : 


G — D]^jD]^j_i ■ ■ ■ Hi, rjjj 


j = 1,2,---,iV, 


(4.1) 


where the eigenfunction 'ipQ is chosen to be regular and 





j I Bj{xA) 
k-kj 

B]{xA) 


a3Bj{x,t)(J3 

k + kj 

a3Bj{xA)(T3 
k + kj 


(4.2) 


The regularization of the functions %ljj^x'4’J^ ^ind for j = 1, 2, • • • , iV can 

proceed by induction. Supposing that the functions and ipj-i^t'ipj-i 

are analytic at the points {±/c;, we show that 
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analytic at the points {±fci,±/ci}{, where 'ipj = To this end, we must 

differentiate the equation xjjj = Djipj_i with respect to x, which provides 

= Dj,xD~^ + (4.3) 

The assumption regarding 'ipj-i: together with fl4.2p . implies that the right-hand 
side of fl4.3p is analytic at the points {ifc;, ±ki}{~^. We must therefore determine 
the conditions ensuring that is regular at the simple poles ±kj and ±kj. 

We note that the residue of at the point kj is given by 

Res[V’j>V’7\ kj] = 7p-\{kj)D-\kj). (4.4) 

For algorithmic convenience, we take 


Bj{x,t) = \zj{x,t)){yj{x,t)\, 


(4.5) 


where \zj) = {zj\^ is a column vector and {yj\ = lyj)^ a row vector. Hence, 
equation fl4.4p reduces to 


Res[V’yx^j \ kj] =\zj)^{yj\D-\kj) 

+ ki) i{yj\i^j-iikj))^i/jjli{kj)D-\kj). 

Now, if we take 

fe|D-‘ft) = 0, (4.7) 

and 

= 0, (4.8) 

then is regular at the point kj. Similar regularization of 

point kj requires conditions fl4.7p and ((?/j|'0j_i(/cj))t = 0. The latter condition, 

together with fl4.8p . implies that {yj{x^t)\ can be defined as 


(»l = 


(4.9) 


where f3j is an arbitrary constant row vector. Thus, to construct the concrete 
expression of Bj in fl4.5l) . one must determine the representation of \zj{x^t)). We 
note that condition fl4.7p . together with 04.21) and 04.5|) . produces 


(%■! + 


kj - kj 


{yMz\yj) 

kj + kj 




0 . 
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The Hermitian conjugation of this equation implies that 


{I + (T^)\yj) = 


U2 _ 

S' S 


a- (/+ (Tsjlzj), 


(^-^^3)1%) = 


(4.10) 


_ l2 3 

S S 


a- (J-a3)Sj), 


where a,- is dehned by 


“i = ^ = diag(S',S)- 

It follows from fId.lOp that \zj{x,t)) takes the form 


Is) = 


fc? - fc? 


-A|2/j), A = diag(aj,aj). 


(4.11) 


(4.12) 


2 

We note that the 2x2 matrix-valued function Bj{x,t) is defined by fl4.5p . fl4.9p 
and fl4.12p . 

With Bj{x,t) in hand, one finds, from the second equation of fl4.2p . that 


Dj \kj)-a3D- \kj)a3 = 




3 3 

D-\k,) + <j^D-\k,)<j^ = 2 + 


^2 _ ^2 


(4.13) 


which further imply that 


JX2 _ J^2 

a 2 Bj{x, t)a 2 = ^i)’ ^2 = 


0 -i 
i 0 


(4.14) 


in terms of the definition fl4.1ip . Moreover, it follows from the first equation of 
fl4.2p that 


_ ^2 

a2Dj{x,t,k)a2 = - r^D-\x,t,k). 


k^-k] ^ 


(4.15) 


We now seek to determine Aj in (13.7p . We note that Aj is the residue of G{k) 
in fl3.2l) at kj. Thus, from fl4.ip . one obtains 


Aj = D^ikj) ■ ■ ■ Dj+i{kj)BjDj_i{kj) ■ ■ ■ Di{kj). 

Equation (14.1611 . together with (14.1411 and (14.1511 . implies that 

—1 ^—1 / 1 \T ‘2kj 1 —r kj kj^ 

A,- = a 2 G {x, t, kj) a 2 , a, = 11 

S S k^j S 


(4.16) 


(4.17) 


































On the other hand, we note that the dehnition il^jik) = Dj{k)%ljj-i{k) in (14.Ih 
implies = 'il)J^{k)Dj{k). Hence, eqnation (14.161) can be written as 

Aj = Djq{kj) ■ ■ ■ Dj+i{kj)Bj'iljj_i{kj)'il)^^{kj), (4.18) 


which can be fnrther rewritten as 

Aj = — f {bj,b-^)^po\kj), (4.19) 

% \sjixA)J 

in terms of fl4.5D . Here, the constant row vector /3j in fl4.9p is chosen as {bj,bj^), 
and the fnnctions rj{x, t) and Sj{x, t) can be determined by the following system: 


a2G ^(X,t, fcj)^(T2 = 

G{x,t, h) = cr2 


rj{xA)'' 

Sj{x,t), 


{bj,bj )% {x,t,kj), 


ri{xA) 

,sz(a:,t). 


(bhbi )4 {ki)(T2, 


(4.20) 


and 


G{x,t, ki) 



(J 2 G ^{x,t,kj)'^a2 
h - kj 


q-gcraG* ^{x,t,kj)'^a2a3 \ 
h + kj ) ' 


(4.21) 


Proposition 1 Let N be a positive integer and let {kj,bj}i be nonzero complex 
constants such that kj 7 ^ ki for j ^ 1. Assume that satisfies U.l\) . and let 
'ipo{x,t,k) be an associated eigenfunction obeying the symmetries (ES). Then, 
the following function q{x,t) is also a solution of lll.ld : 

N 

q{x, t) = qo + 4i ^(Hj)i 2 , (4.22) 

i=i 


where Aj is given by ^-19^ , with the functions {rj{x,t),Sj{x,t)}^ determined by 
the linear algebraic system (/ = 1, • • • , iV) 


(^2i^o{ki) 


-bi, 


^ 1 
j = l ■! 


ki-k 


O 

^ ^3/ 


ibj,bj )'ipQ 


ki + k 


] ibj,bG)^pQ^a3 


(^2ki 




(4.23) 


= 0 . 
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In particular, we let the seed solution go = 0 and the corresponding eigen¬ 
function 'ipQ = exp(—i 6 *(T 3 ), where 9 is defined in (12.dh . It then follows from 
Proposition [3] that the A^-soliton solution of the GI equation fll.ip takes the 
form 

N 

q = 2tJ2 Pi" , Pi = (4.24) 

where the entries of the N x N matrix K = K{x, t) are dehned by 

+ ^')- 
tvi 


5 Analysis of the eigenfunctions with multiple 
poles 


In this section, we extend the approach used in the above two sections to study 
higher-order solitons of the GI equation. For convenience, we consider only the 
case of two-order poles. Let go be a seed solution of the GI equation fll.lj) and -00 
be the corresponding eigenfunction obeying the symmetries fl3.3p . and then seek 
a dressed eigenfunction of the form 


Ip = Gipo. 


(5.1) 


Here the matrix G has the form 


N r 


Aj{x,t) asAj{x,t)a 3 


k — kj 


k -|- kj 


G{x, f, k) =I -|- 

i=i 

N 

^ ^A\{x,t) a 3 A]{x,t)a 3 


Aj{x,t) a 3 Aj{x,t)a 3 

{k-k,Y {k + k,f 


k — kj 


k -|- kj 


G-\x,t,k) =I + Y. 

i=i 

^ ^ A\{x,t) a3A\{x,t)a3 


E 

i=i 


{k — kjY {k + kjY" 


in terms of the symmetry conditions 

a 3 G{x, t, —k)a 3 = G{x, t, k), G~^{x, t, k) = &{x, t, k), 


(5.2) 


(5.3) 
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obtained from (13.dh and (15.Ih . We note that {fcj, kj}i C C is a collection of poles 
of order 2. Then, the functions and can be derived similarly as in 

fl3.4p . which have the same singularity at oo, but have two-order singularities at 
the points {±kj,±kj}i . 

According to a similar discussion concerning the regularization of the functions 
and at k = oo conducted in Section 2, we find, under a proper 

assumption regarding Aj and Aj, that 

Q = Qo + 2f(J3Gi, (5.4) 

where Gj,{j = 1, 2, • • •) are defined as in fl3.6p . but, here, they are specifically 

N 

Gi = '^{Aj - asAjas), 
i=i 

N N 

G2 = Y^ kj{Aj + asAjas) + ^{A j + 

j=i j=i (5.5) 

N N 

G 3 = — a^Aja^) + 2 kj{Aj — a^Aja^), 

i=i i=i 


To finish the regularization, we find Aj and Aj in (15.51) to ensure that the functions 
''Pj,x'^J^ and are regular at the points ±.kj and To this end, we 

consider the following series of N consecutive dressing transformations, each of 
which adds two poles of order 2 : 


G — D]\fD]\f_i ■ ■ ■ Di, i’j — Dj'^j-i- 


(5.6) 


Here, 

n.(k) = T a3Bj{x,t)(T3 

^ k — kj k + kj [k — kjY (k + kjY ’ 

n-lfm ^ r , _ (^3B]{xA)(T3 ^{.xA) a3^{,xA)(T3 

^ k — kj k + kj {k — kjY {k + kjY 

where Bj{x,t) and Bj{x,t) are 2 x 2 matrix-valued functions. 


(5.7) 

(5.8) 
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Proposition 2 Let Tj and Tj be nonzero constant row vectors. Define the row 
vectors {yj\, {yfi in terms of the (j — l)th eigenfunctions fij-i by 


{yfi = {yfi = (5.9) 

where 

{'4}jli)\kfi = ^'ipj-i{k)\k=ky (5.10) 

Given these vectors and the points kj and kj, we define a set of scalar functions: 

«tii = kj{yj\{I ± (J3)\yj) + kj{yj\{I ^ (T3)\yj), 

0^12 = kj{yj\{I ± (T 3 )\yj) + kj{yj\{I T f^3)|%), 

“^21 = kj{yj\{I ± (T3)\yj) + kj{yj\{I t ^^ 3 ) 1 %), 

“^22 = kj{yj I (/ ± as) \yj) + kj{yj\ (/ ^ as) \yj), 
kf,n = (k] + k]){yj\il ± as)||/j) + 2 kjkj{yj\{I T as)||/j), 

kti2 = {k] + ± f^3)|%) + 2kjkj{yj\{I T a3)|%), 

^^21 = i.k] + ± ^ 3 ) 1 %) + ‘^kjkj{yj\{I T as)||/j), 

cjii = (k^ + 3kjk]){yj\{I ± as)||/j) + (fc| + 3kjk]){yj\{I ^ as)||/j), 

where \yj) = {yjW \yj) = {yj\^■ Define the functions Bj{x,t) and Bj{x,t) as 


B, 


(!%■)) I %)) 



B. 


{\zj), \zj))a+ 



a+ = 



, ( 5 . 12 ) 


where the column vectors \zj) and \zj) are define as 


Zj) — dVjlyj) + Qj\yj), \zj) — Aj\yj) + Qj\yj). ( 5 . 13 ) 


Here the 2x2 matrices Aj, Aj, Dj and Dj are diagonal ones, denoted conveniently 
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as diag(@i, @ 2 ). The entries of these diagonal matrices are defined as 




ur2 


(k^ - 


■[{k 


m 


fljA — 


2 - 


ikj-k]Y ik]-k]f 

. ^ —aJn, Aio = - ———a 


I 

- 

^ J J' A _ 

A + S',11’ W-2 - 

^3 

J (1 

A- 

3 

~ kj)^t^2 


- A - [(S' 

kj)o>j^i2 + 

- fc|)a+2i 

- ''till. 

W.2 - . _ [(S 

j 

^i)S',21 “ ^j,ll]’ 

(d - d), 

-(^1 - 

k]f422 + ik--^)ibU 

~ bj,2i) + 2S',ii]’ 

a; ' 

(d - d) 1 

-(^1 - 

kj) S,22 + {kj — kj){bj 12 

~ ^y2l) + 

A- * 

3 



(6.14) 


where 



k]Y{af,2iaf,i2 - 4 ii 422) + 

- ^i)[«t2i^Iii - «Ji2^tii + «tii(^i:i2 






(5.15) 


Define V’ = fi’N according to h5.0i) — T5.15\) . Then, the functions ^ find ^ 
are analytic at the points in the set {±kj, ±kj}i . 


Proof: This proposition can be also proven by induction. Supposing that fi’j-i 
has been defined according to (15.6^ — (I5.15p and that the functions and 

are analytic at the set of points {±ki,±ki}{~^, we shall show that 
and are analytic at the points {±ki,±ki}{, where fjj = 

To this end, we must differentiate the equation ipj = Djipj_i with respect to x, 
which provides 

'tpj,x'tpj^ = T)j,xDj^ + Dj'ipj_i^x'tfj\D~^. (5.16) 

The assumption on fjj-i together with fl5.7p and fl5.8p implies that the right-hand 
side of (15.16p is analytic at the points {±/c;, We must therefore show 

that is regular at points dukj and AJkj. Firstly, we note that ipj^xi>J^ has 
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the following asymptotic behavior near the point kj-. 




{k - k,y 



D-\k,) 


k — ki 







^jl^{kj)Dj \kj) 


(D-^nk,) + 



+ (ki), \zj)) 


+ {\zj), \zj))a+ 



^j-iikj) + (T+ 



ii^j-iYikj) 


D-\k,) 


ijj\{kj)Dj \kj) 



Y’j-iikj) ■^['il^j\{k)D-\k)]k=k^ I + 0(1), 

(5.17) 

where the definition of {D~^y{kj) and ('0j_i)'(/cj) are similar to that given in 
dEIOD. If we let 


(74 



Y^j-iikj) + a+ 


{yj\ 
{yj\ 
{yj\ 

(%l 


i^j-i{kj) 
(Y^j-iYikj) 


= 0 , 

= 0 , 


(5.18) 


and 







(Di^nk,) + 



{yjl" 

(%i 



Dj (kj) = 0 , 


Dj\k,) = 0 , 


(5.19) 


then the regnlarization of at the point kj is realized. Because the sym¬ 
metries in fl2.3p are valid for fl5.6p . we deduce that is also analytic at 

the points —kj and ifcy Similar arguments establish the regularity conditions of 

Equation fl5.18p and the analogous equation with respect to t imply that the 
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complex constants Tj and Tj exist: 


{Vjl^j-iikj) + {yj\{^lJj-ly{kj) = tj, 

which give fl5.9p . Moreover, the eqnations in fl5.19p are eqnivalent to 


(5.20) 


{yj\D-\kj) = 0, 

{y,\D-\k,) + {yy{D-^y{k,) = 0. 


(5.21) 


Snbstitnting fl5.7p and fl5.8p into fl5.2ip and taking the Hermitian conjngate of 
the resnlt eqnations yields 


(!%•), IVj)) + (ki), \zj))Mj + asilzj), \zj))Nj = 0, 


(5.22) 


where 

M, = ( h±(k,) 


{yj\yj) 

{yj\yj) 


{yjWslyj) 

{yjWslyj) 


, (Kiyik,) 
, (Kiyik,) 


{yM 

{yj\yj) 

{yjWslyj) 
(yjWslyj) 


+ KHkj) 

+ Klik,) 


and the matrix K±{k) is defined [l^ as 


K±{k) = T . ^ T + 


k±kj (fc ± fcj)2 

Here, denotes the transpose of < 7 + in fl5.12p . 

Given \yj) and \yj), \zj) and \zj) can be solved from fl5.22p as 

v-i ^-0-3 


{yj\yj) 
{yj\yj) 

(yjWslyj) 

{yjWslyj) 

(5.23) 


(5.24) 


(1%). 1%)) = -G^da), + N,)- 


where Mj ± Nj takes the form 


/ 4,21 ^ 4,11 


M,±N, = 


{\y,)yy,)){M,-N,)-\ 

(5.25) 


®i,22 ^j,12 ^y21 2 G,ll 


4 - 4 (4 - 4 - 4 (4 - 


J J 

4,11 


^j,12 


fyf 

°j,ll 


V 4-4 


4-4 

(5.26) 
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in terms of the definition (I5.14p . It is easy to show that 


det(M, ± «■,) = (5.27) 

where is defined by fIS.lSp . Hence, equation fl5.25p gives flS.lSp — flS.lSp . 

This completes the regularization of the functions and at the 

point k = kj. The regularization of the functions and ipj^t'<P~^ at the points 

k = —kj and k = can be discussed similarly. ■ 

It is convenient to rewrite G{k) in (15.61) as 


G{k)=X,{k)D,{k)T,{k), 

where Xj{k) = Di^{k) ■ ■ ■ Djj^i{k) and Tj{k) = Dj_i{k) ■ ■ ■ Di{k) are analytic at 
k = kj. Then, near the point k = kj, we have the expansion 


G{k) 


{k - kjf 
1 


k — k, 


which implies, in view of fl3.2p . that 


and 


where 


[X,{k,)B,T,ik,) + X'ik,)B,T,{k,) + X,{k,)B,T;{k,)] + 0 ( 1 ), 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

lo)(%'l + 




A, = A,(fc,)i?,T,(fc,) +X'(fc,)4T,(A;,) +X,(fc,)4T^ 


N 

l=j+l 

and T'{kj) has an equivalent dehnition. Because Bj = \zj){yj\,Bj = 
\zj){yj\ and 'ipj-iik) = Tj{k)'ipo{k), it follows that 


Aj — Xj{kj)Bj'iljj-i{kj)'iljQ {kj) — Xj{kj)\zj)Tj'lfjQ {kj), (5.32) 
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in terms of fl5.2np . Similarly, 


=^jikj){\zj){yj\ + \zj){yj\)'ipj-i{kj)'ipQ \kj) 



=X,{k,)\~z,)T,^lJ^\k,) + X;{k,)\z,)T,i;^\k,) 

+ Xj{kj)\zj)[fj - {yj\{7Pj_iy{kj)]iljQ\kj) 


(5.33) 



which reduces to 


Aj = [X,(k,)\Zj) + X'^(k,)\z,)] Xi%\k,) 

+ X,{k,)\Zj) + Tj(4-‘)'(%) 


(5.34) 


Equation fl5.4l) implies that the solution of the GI equation is still given by fl3.12|) . 
but the form of Aj is different. As an example, we shall consider the case of = 1, 
that is, the case of the two-order soliton solution. 

It is noted that, for N = 1, G = Di^ and Ai = Bi, the two-order soliton can be 
derived directly. In this case. The zero seed solution and associated eigenfunction 
-00 are chosen as disscused in Section 3. Because 




(5.35) 


the vectors in (15.9p can be written as 


{yi\ = (e®^e , {yi\ = (aie^base , 


(5.36) 


where Oi, a 2 and 6 i are dehned as 


e®^ = ai = ei + i 6 '{ki), a 2 = 82 — i 6 '{ki), (5.37) 


in terms of the chosen constant vectors Ti = (/5i,/5i ^) and Ti = (£i/5i,£2/Si ^)- 
Furthermore, if we let fci = .^1 -|- iyi and 9i = —ri -1- i^i, then 


ri = 2^ir]ix + 8^i?7i(^i - r]l)t -F tq, 

4^1 — ('Cl — Vi)x + 2[((^;^ — T]-^) — + 4>0i 


(5.38) 


where tq and 0o are real constants dehned by /3i = e ^o+*</>o_ Pq^ two-order 


solution of the GI equation, we hnd, from fl5.11l) for j = 1 (omitted here for 
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convenience), that 

afi = 2 , 

ai2 = 2 [kiaie~‘^^^ + fciQ; 2 e^’'^) , 
a2i = 2 (fciaie”^'’^ + kia2e‘^'~^'j , 

(I 22 ~ ^ (^k^oiiOiiG ^ -\- k\(y.2(y.2G , 

6 + = 2 {{kl + fc2)e-2’-i + 2kikie^^^) , (5.39) 

5^;^ = 2 ( 2 fcifcie“^''i + + fci)e^’'^) , 

^12 = 2 ((/c^ + fc^)Q;ie“^'’^ + 2 A;ifciQ; 2 e^'’^) , 

621 = 2 ( 2 fcifciaie“^^^ + {k\ + fc^)a! 2 e^'’^) , 
chi = 2 ((fc^ + 3fcifci)e“^’'^ + {k\ + 3/cifc^)e^’'^) . 

With these representations in hand, we hnd that 

=(fci — kl) ( 012^^1 ~ '^ti'^ 22 ) 2 ciJiCii — bulbil 
+ {kl — ki)[{a2ibii — aiib2i) + (aii5i2 ~ ®i2^ii)] 

= — 4(fc? — kl)‘^\ki\'^\a2 — aip + 16kki{kie~^^ + fcic’'^)^ 

(5.40) 

+ 4:{kl - fci)^ - 4:{kl - kl)'^[ki{a2 - ai) - ki{a2 - di)] 

=4:{kl - fci)^[l - A;i(q ;2 - ai)][l + fci(Q ;2 - di)] 

+ 16A;fci(fcie-^i + fcie^i) 2 . 

In addition, from fl5.12p — fl5.14p . we know that 
{Bi)i 2 =e *'^^[diQ! 2 Ai + diAi + a 2 f 2 i + fii] 

= [{kl - kl)^{-aia2afi + dia^i + 020^^2 ~ (^ 22 ) 

+ (kl - Pi)^{-aib+i + a2bii + 5+ “ b^i) + 2(/c^ - kl)cii] (5.41) 

p ^^1 _ 

= {A{kl - klf\kiWa2 - ai)e“^^ + (as - ai)e^^] 

+ A{kl - kl)[{kl + ?)kikl)e~''^ + {kl + ?,kikl)e''^]] . 

Note that ki = ^i + ir]i, and, by taking p ■= a 2 — ai, we have 

p = — 2 i 6 '{ki) + 62 — Si = p — iu, 

p = ipilx + 4:{3^l - pl)t + ei], (5.42) 

ly = 4^1 [x + 4(^1 - 3?7i)t + 62 ]. 
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(5.43) 


Hence, The two-order soliton solution takes the form 


q = 


D2' 


where 


N2 = 4|fcip (fcie kie'^^Y {kf - klY{l - kip){l kip), 

D2 = we~^^ — we^^, w = {kl — kl)^\ki\'^p + {k^ — k‘l)(k\ -|- SfcifcJ), 


(5.44) 


and 01 = 01 — 7r/2. Here ri and 0i are dehned according to fl5.38p . The Figure 
1 illustrates the two-order soliton. 



Figure 1: Solution fl5.43p with ki = 0.01 -|- O.100i = l,£i = 82 - 


6 Discussions 

We note that the relationship between Bj in (I5.12p and Dj^{kj) in (15.81) can be 
constructed (see the Appendix) as 

('^2 _ l 2\2 

^2B]a2 = D-\k,l ( 6 . 1 ) 

which is similar to the equation given in fl4.14p . However, the relationship between 
Bj and D~^{kj) is very complicated, such that it is difficult to establish the 
relationship between Dj{k) and Dj^{k). Hence, it is difficult by this method to 
obtain the explicit form of higher-order {N > 2) soliton to the GI equation. This 
problem remains open. 
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7 Appendix 

In this Appendix, we derive the relation fl6.ip . To this end, we introduce a set of 
Lemmas. 

Lemma 1 Let the row vectors {yj\, {yj\, (j = 1, 2, • • • , N) and the scalars 

{i,l = 1,2) are define by Proposition\^ Then these scalars afi,bfi,cfi satisfy the 

following symmetries 



(7.1) 



Moreover, we have 



(7.2) 



(7.3) 


(7.4) 


or equivalently 


Cj^ii —On, 


(7.5) 



(7.6) 



(7.7) 
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Proof: The proof of (17.11) and (17.21) can be finished by directly calcnlation from 
the definition (15.lip . We proceed to prove the first case of (17.31) . For algorithmic 
convenience, we take the colnmn vectors ||/j), \yj) in the form 


l%) = (/i,/2) , \yj) = { 91 , 92 ) , 


then 


(%l = (/n/2), {yj\ = {91,92) ■ 
Here, we note, for the colnmn vector (a+, a_)^, that 

/ + (J3 ( \ / + (T3 / \ / — <73 / ®+ 


I - as 


a_ 


a_ 


a_ 


where the star denotes an arbitrary element and can be chosen as zero in partic- 
nlarly. On nse of the dehnition fl5.1ip . we have 

I + 0's ^ +1 \1 _ ofiQi — 0^2/1 

2 ^Cj[^ii\yj) ^ulyj)] — ^Cj 2 \ 


= 4C: 


I + 0's ( {Cjflfl + Cjf2f2)9l ~ {Cj9lfl + Cj92f2)fl 


= 40C 


2 \ * 
I + 0's ( f2{f29l ~ fl92) 


and 
I + Os 


[Hi\yj) -bt2\yj)] 


= 2- 


I + Os ( [{Cj + Cj)flfl + ‘^CjCjf2f2]9l ~ [{Cj + Cj)9lfl + 2CjrCj5'2/2]/l 


— ^ / f 2 {f 29 l — /lfi'2) 

Then the first case of fl7.3p is proved, and the second case can be proved similarly. 
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For the first case of (17.41) . we note that 


^ ^ [a+i \yj) - a^21%)](%• | ^ 


= 2 


2 L \.z\^jii\^j\ 2 

l + ( Cjf2{f2gi - fig2) 

* 


= 2 


/ + as f* Cjf2g2{f2gi - fig2)\ 

* / 


^ 2 ) 


/ - P's 
2 


/ - as 
2 


and 


^ ^ [ 021 1%) - 421%)] ivj I 


= 2 


2 L zi\ojf ^z\oj/}\aj\ 2 

-^ + O's / Ciffe(/2fi'l — /i5'2) 
* 


= 2 


2 \ 2 
-^ + <^3 [ * Ci/2'?2(/25'l “ /i5'2) \ I — CTs 


(* /2) 

’) . 


I -as 


This completes the proof of the hrst case of fl7.4p . and the proof of the second 
case can be fulhlled similarly. ■ 


Lemma 2 Let the row vectors {yj\, {yj\, (j = 1, 2, • • • , N) and the scalars a^, 6^, (i, I 

1,2) are define by Proposition\^ Then 


/ ± as 




■1%) (4l4i - (%I42) } 


{yfa 


lias 


(7.8) 


= 0, 


/ ± as 


{[4i4i - 424 + 4(42 - 4i)] + 20 (4il%) - 421%)) (%l 


+2|%) (C| + C|) ((%l4i - (%I42) - 0 ((%l4i - (%I42) } ('^•9) 


= -4C42-^^{(4iI%) - 421%)) (%l} ^^^^ ^2, 


/ ± as 


Oncfi 


4i4i) + 2(C| + C|)4i - 4 Cj4i I%)(%I 


/ ± as 


= 4(^2^^^^^ [4il%)(%l] 


(7.10) 


(^2- 
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Proof: To prove the first case of (I7.9p . we note from the dehnition (I5.1ip that 


"'12 


&ii + aii(6i2 


— 4(Cj — Cj) Cjflf2{fl92 — f29l) — Cjflf2{fl92 — f29l) 


and 


1 + 0-3 


{20 {biilVi) - bulyj)) (Vjl 

J I +11 ~ {Vj I ® 12 ) ~ 0 


+2|2/j) iCj + Cj 


irii 


I + 03 


(20 (6n^i - ^ 12 / 1 ) /i 


i 4 + 0-3 


4 + 0-3 


+ 2/1 [(C| + C|) (a{i^i - ^O/i) - 0 - K 2 fi)] } 

—^i) /i/2(/i5'2 - f29i) 

1 + 03 


+ Cjflf2{fl92 — f29l) 


Then the left-hand side of fl7.9p in the hrst case reduces to 


— {~^Cj[‘^Cjfiifi92 - f29i)]f2} — 


= -4Cia2 


0-3 


{(fliilO) - «i2l%)) {yjl V 


2 h\ VZiXOjI ) \0 J \ } 2 

This hnished the prove of the first case of fl7.9p . The prove for the second case of 
07.91) . as well as for 07.8p and 07.1Up are similar. ■ 

Lemma 3 Let the row vectors {yj\ and the column vectors \zj), \zj) are de¬ 
fined by Proposition^ then 


1 + 03 


:|%')(+l + 72-^[l%-)(+l + l%')(Ol] 




40 


(0 - 0)^ 


0-0 

/ ± CTs I / T 0-3 


4 + c^3 


(7.11) 
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and 


/ it (73 


/ + 


2(C| + C|), , 


20 


(C^-C|) 


4CJ 


2^2 


C -C: 


+ l%')(Ol] 


/ ± (73 


(c? - a? 


I \ / I T <^3 


(7.12) 


Proof: We shall prove the hrst case of (17.111) by virtue of the dehnition (I5.13p 
and Lemma [H It is easy to show that 


= (2/i|A2-^ 


/ I A ^3 / I A -^ + <^3 


2 - 2 ' 2 ^ 2 
With these identities in hand and on use of the definition fl5.13p . we have 


(7.13) 


I + cr^ 


(^2_^2)2l^^Md + ^2_^2 


[I0)(^il + l%')(0l] 


I -as 


I + (T3 


20 

a-0 


400 


:|%) ((0I^+ (%l^) 


(C^-C^)^' 

10) ((0I^ + (i/jl^) + 




I - as 


I + as \ AQCj 


:\yj) (( 01^2 + (%|f^ 2 ) 


20 


ci-a 


{c]-c]y 

\yj) {{yj\^2 + {yj\^2) + 


)A2 + {yj\^2 


I -as 


Substitution of (I5.14p into the right-hand side of above equation implies that its 
right-hand side reduces to 



10) ((OI«ii - {yMi'^ - \yj) ((0l«2i - (%l«22) 

+ 20(C|-KIK 

20 ((OI«ii - {yMi^ - ((OlOi - {yj\h^ 


+20(C| - C|) (&OIO) - ^01%)) (%l + 40 (o^o - cO) l%)(2/il 

■\I-as 

J 2 


= ^ [20(C| - C|) (&0IO) - &0i%)) (%i - 4c|&rii%)(%i] ^ 

= [4Cj(C| - Cj) Kilo) - Kl%)) (%l - 40^&nl%)(%l] 


24 





















































in terms of Lemma [H Thus we have 


/ + 0-3 


!%•)(%■ I + . 2 ^^72 [I j'i) (%■ I + 1%)(%I] 


{cf-c]r 

^Cj -f + O's 


4C| 


2 

1 + 0-3 


ia - ar 


{A\yj) + Q\yj)) {yj\- 


0-3 


I - P's 
2 


This complete the prove of the hrst case of 07.111) . The second case of 07.1ip can 
be proved similarly. 

We are now turning to the proof of 07.121) . For the first case, by using the 
dehnition 05.13p . we hnd that the left-hand side of 07.12p becomes 


/ + CTS 


/ + 


2C, 


2(C| + C|) 

ia - ay 


Ivj) ((%|Ai + (|/i|f2i) 


a-a 


IVj) + 


■|^i + {Vjl^i 


1 + 0-3 


which, by using representations 05.14p and 05.15p . gives 


~ {af cjy [(®2i®i2 ^11^22) 


2A- 


+2A 


I an - (l/i|a^2) “ 


I aJl {yj 1 0-22 


4" Cj) ['^ 21^11 a]^2^ii + ^ 21 ) +‘^Cj {bulUj) ^ulVj)) {Vjl 


I an - (l/i|a|2 ) - C 


+2|2/j) (C? + C 


-l-( 2 anC^i ^11^11)+ 2 (C,+C)^ii ^CjO 


11 


“ {yjri 2 

1 + 0-3 
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Now according to the first case of Lemma [2], we find that 


^ + ^3 , 2 (C| + C|), , , 20 


ia - ay 


\yj){zj\ + 


a-a 


[\yj){^j\ + !%•)(% I] 


/ + CTs 


4C| I-a, 

= - -(J2 - 

A- 2 


J -(^3 


[~(a ~ C|)(aiil%) - ai2\yj)) + Kilyj)] {yj\ ^ 


4C? 


I -a^ 


(C|-g 

■)2 - 2 

to 

/ - 0-3 

0^ 

'-^■to 

1 

■)2^2 2 

4C| 

J - 0-3 
,.„cr2 „ 


(A 2 I 2 /O + ^2|2/i))(% 


J -(^3 


-0-2 




{A\yj) + n\yj)){yj 

I \ / / “ ^3 


J -(^3 


-0-2 


in terms of fl5.14p and fl7.13p . The second case of fl7.12p can be proved similarly. 


Proposition 3 Bj{x,t) defined in \5. 1 can also be represented in terms of 
L)“0C) defined by (El^j at the point Q 

a2Bj {x, t)a2 = D-\Cj). (7.14) 

Proof: For the sake of convenience, we denote the diagonal part of a matrix A by 
and the off-diagonal part by then A = -f According to 

Lemma [3] we hnd that fl7.1ip implies that 

and fl7.12p gives 
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